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Abstract—This paper presents a new class of sparse superposi-
tion codes for efficient short-packet and low-rate communication
over the AWGN channel. The new codes are orthogonal sparse
superposition codes, in which a codeword is constructed by
a superposition of orthogonal columns of a dictionary matrix.
We propose a successive encoding technique to construct such
codewords. In addition, we introduce a near-optimal decoding,
named an element-wise maximum a posterior decoding with
successive support set cancellation, which has a linear decoding
complexity in block lengths. Via simulations, we demonstrate that
the proposed encoding and decoding techniques are less complex
and better performing than existing coded modulation techniques
for reliable short packet communications.
Index Terms—Sparse superposition codes, short-packet trans-
missions, lower-rate codes.
I. INTRODUCTION
Sparse superposition code (SPARC) is one of the capacity-
achieving codes initially introduced by Joseph and Barron [1].
Unlike the traditional coded modulation method, a codeword
of SPARCs is constructed by the multiplication of a Gaussian
random matrix with independent and identically distributed
(IID) entries and a sparse message vector. Leveraging a
proper power allocation and an adaptive successive decoding,
SPARCs can achieve any fixed-rate below the capacity of
Gaussian channels as the code length goes to infinity. Notwith-
standing its asymptotic optimality, the adaptive successive
decoding yields a poor performance in practical code block
lengths. Subsequently, an adaptive successive decoding with
soft-decision [2] and its variations [3] were proposed to
improve the decoding performance in a finite code block
length, which is of great interest for reliable short packet
communications in 6G [4], [5].
Recently, low-complexity decoding methods inspired by
compressed sensing have received significant attentions due to
a deep connection between SPARCs and compressed sensing
[6]. In principle, the decoding problem of SPARCs can be
interpreted with a lens through a sparse signal recovery
problem from noisy measurements under a certain sparsity
structure. Exploiting this connection, approximate message
passing (AMP) [7], successfully used in the sparse recovery
problem, has been proposed for the decoding of SPARCs
[8]. The AMP decoding is attractive in that it can guarantee
the decoding performance per iteration thanks to the elegant
recursion property, called state evolution [7]. Furthermore,
under a Gaussian random dictionary matrix, it can provide
a better block-error-rate (BLER) performance than that of
adaptive successive decoding for finite code block lengths. The
performance of SPARCs, however, is limited to the case when
block length is short. In this regime, the dictionary matrix
should be carefully designed and optimized. Nevertheless,
most of the current researches have focused on asymptotic per-
formance analysis of SPARCs for various decoding methods.
Focusing on a short code block length, in this paper, we take
a different approach to construct SPARCs in a deterministic
manner.
In this paper, we present a new class of sparse superpo-
sition codes, called orthogonal sparse superposition codes. A
codeword of the orthogonal superposition codes consists of
multiple sub-codewords. Each sub-codeword is constructed by
the multiplication of the commonly-shared unitary dictionary
matrix and its own sub-message vector. The key idea in
encoding is to sequentially select the non-zero supports of
all sub-message vectors in such a way that they are mutually
exclusive. We refer to this technique as successive orthogonal
encoding. This construction guarantees that all sub-codewords
are mutually orthogonal. This class of codes has a number
of intriguing aspects because not only classical permutation
modulation codes introduced in 1960’ [9] and recently in-
troduced index and spatial modulation techniques [10]–[12]
can be interpreted as special cases of the proposed code.
We also present a near-optimal decoding algorithm for the
orthogonal superposition codes, referred to as an element-wise
maximum a posterior (MAP) decoding with successive support
set cancellation (E-MAP-SSC). The proposed decoding algo-
rithm is simple yet powerful in that it achieves a near-optimal
decoding performance while requiring linear complexity in
block lengths. Therefore, the proposed method is very useful
for ultra-reliable and low-latency communication (URLLC)
[5]. By simulations, we show that the proposed encoding and
decoding techniques outperform the classical convolutional
codes with Viterbi decoding and polar codes with successive
cancellation (SC) decoding [13] in short block lengths.
II. ORTHOGONAL SPARSE SUPERPOSITION CODING
In this section, we present how to construct orthogonal
sparse superposition codes by a novel encoding strategy called
a successive orthogonal encoding. Then, we provide some
properties of the codes and a relevant example to capitalize
on the merits of the orthogonal superposition codes.
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p
P1
<latexit sha1_base64="iw1fWHwyNQe3MFCqiqkgIVql5xw=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCHoMevEYwTwgWZbZySQZMvtwpleIy36JFw+KePVTv Pk3TpI9aGJBQ1HVTXdXkEih0XG+rdLa+sbmVnm7srO7t1+1Dw7bOk4V4y0Wy1h1A6q5FBFvoUDJu4niNAwk7wSTm5nfeeRKizi6x2nCvZCOIjEUjKKRfLva1w8KM5I1cz9z89y3a07dmYOsErcgNSjQ9O2v/iBmacgjZJJq3XOdBL2MKhRM8rzSTzVPKJvQEe8ZGtGQay+bH56TU6MMyDBWpiIkc/X3REZDradhYDpDimO97M3E/7xeisMrLxNRkiK P2GLRMJUEYzJLgQyE4gzl1BDKlDC3EjamijI0WVVMCO7yy6ukfV53nbp7d1FrXBdxlOEYTuAMXLiEBtxCE1rAIIVneIU368l6sd6tj0VrySpmjuAPrM8fBY6TTw==</latexit><latexit sha1_base64="iw1fWHwyNQe3MFCqiqkgIVql5xw=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCHoMevEYwTwgWZbZySQZMvtwpleIy36JFw+KePVTv Pk3TpI9aGJBQ1HVTXdXkEih0XG+rdLa+sbmVnm7srO7t1+1Dw7bOk4V4y0Wy1h1A6q5FBFvoUDJu4niNAwk7wSTm5nfeeRKizi6x2nCvZCOIjEUjKKRfLva1w8KM5I1cz9z89y3a07dmYOsErcgNSjQ9O2v/iBmacgjZJJq3XOdBL2MKhRM8rzSTzVPKJvQEe8ZGtGQay+bH56TU6MMyDBWpiIkc/X3REZDradhYDpDimO97M3E/7xeisMrLxNRkiK P2GLRMJUEYzJLgQyE4gzl1BDKlDC3EjamijI0WVVMCO7yy6ukfV53nbp7d1FrXBdxlOEYTuAMXLiEBtxCE1rAIIVneIU368l6sd6tj0VrySpmjuAPrM8fBY6TTw==</latexit><latexit sha1_base64="iw1fWHwyNQe3MFCqiqkgIVql5xw=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCHoMevEYwTwgWZbZySQZMvtwpleIy36JFw+KePVTv Pk3TpI9aGJBQ1HVTXdXkEih0XG+rdLa+sbmVnm7srO7t1+1Dw7bOk4V4y0Wy1h1A6q5FBFvoUDJu4niNAwk7wSTm5nfeeRKizi6x2nCvZCOIjEUjKKRfLva1w8KM5I1cz9z89y3a07dmYOsErcgNSjQ9O2v/iBmacgjZJJq3XOdBL2MKhRM8rzSTzVPKJvQEe8ZGtGQay+bH56TU6MMyDBWpiIkc/X3REZDradhYDpDimO97M3E/7xeisMrLxNRkiK P2GLRMJUEYzJLgQyE4gzl1BDKlDC3EjamijI0WVVMCO7yy6ukfV53nbp7d1FrXBdxlOEYTuAMXLiEBtxCE1rAIIVneIU368l6sd6tj0VrySpmjuAPrM8fBY6TTw==</latexit><latexit sha1_base64="iw1fWHwyNQe3MFCqiqkgIVql5xw=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCHoMevEYwTwgWZbZySQZMvtwpleIy36JFw+KePVTv Pk3TpI9aGJBQ1HVTXdXkEih0XG+rdLa+sbmVnm7srO7t1+1Dw7bOk4V4y0Wy1h1A6q5FBFvoUDJu4niNAwk7wSTm5nfeeRKizi6x2nCvZCOIjEUjKKRfLva1w8KM5I1cz9z89y3a07dmYOsErcgNSjQ9O2v/iBmacgjZJJq3XOdBL2MKhRM8rzSTzVPKJvQEe8ZGtGQay+bH56TU6MMyDBWpiIkc/X3REZDradhYDpDimO97M3E/7xeisMrLxNRkiK P2GLRMJUEYzJLgQyE4gzl1BDKlDC3EjamijI0WVVMCO7yy6ukfV53nbp7d1FrXBdxlOEYTuAMXLiEBtxCE1rAIIVneIU368l6sd6tj0VrySpmjuAPrM8fBY6TTw==</latexit>
+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjl o5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNC WVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1m XVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjl o5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNC WVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1m XVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjl o5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNC WVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1m XVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6Hicb VBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjl o5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNC WVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1m XVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>
x =
LX
`=1
p
P`x`
<latexit sha1_base64="BNZyMQL/r02S/jl4JsmbOPVzdvU=">AAACHXicbVBLSwMxGMzWV62vVY9egkXwVHaloJdC0YsHDxXsA7p1yabZ NjTJrklWLMv+ES/+FS8eFPHgRfw3pu0etHUgMJmZj+SbIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXUz89j2RikbiRo9j0uNoIGhIMdJG8u1q6gUhfMhqnkq4n3qEsZqb3V556k7qtDFTsixP5VffLjsVZwq4SNyclEGOhm9/ev0IJ5wIjR lSqus6se6lSGqKGclKXqJIjPAIDUjXUIE4Ub10ul0Gj4zSh2EkzREaTtXfEyniSo15YJIc6aGa9ybif1430eFZL6UiTjQRePZQmDCoIzipCvapJFizsSEIS2r+CvEQSYS1KbRkSnDnV14krZOK61Tc62q5fp7XUQQH4BAcAxecgjq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGClc/sgz+wvn4Ab ASjXw==</latexit><latexit sha1_base64="BNZyMQL/r02S/jl4JsmbOPVzdvU=">AAACHXicbVBLSwMxGMzWV62vVY9egkXwVHaloJdC0YsHDxXsA7p1yabZ NjTJrklWLMv+ES/+FS8eFPHgRfw3pu0etHUgMJmZj+SbIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXUz89j2RikbiRo9j0uNoIGhIMdJG8u1q6gUhfMhqnkq4n3qEsZqb3V556k7qtDFTsixP5VffLjsVZwq4SNyclEGOhm9/ev0IJ5wIjR lSqus6se6lSGqKGclKXqJIjPAIDUjXUIE4Ub10ul0Gj4zSh2EkzREaTtXfEyniSo15YJIc6aGa9ybif1430eFZL6UiTjQRePZQmDCoIzipCvapJFizsSEIS2r+CvEQSYS1KbRkSnDnV14krZOK61Tc62q5fp7XUQQH4BAcAxecgjq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGClc/sgz+wvn4Ab ASjXw==</latexit><latexit sha1_base64="BNZyMQL/r02S/jl4JsmbOPVzdvU=">AAACHXicbVBLSwMxGMzWV62vVY9egkXwVHaloJdC0YsHDxXsA7p1yabZ NjTJrklWLMv+ES/+FS8eFPHgRfw3pu0etHUgMJmZj+SbIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXUz89j2RikbiRo9j0uNoIGhIMdJG8u1q6gUhfMhqnkq4n3qEsZqb3V556k7qtDFTsixP5VffLjsVZwq4SNyclEGOhm9/ev0IJ5wIjR lSqus6se6lSGqKGclKXqJIjPAIDUjXUIE4Ub10ul0Gj4zSh2EkzREaTtXfEyniSo15YJIc6aGa9ybif1430eFZL6UiTjQRePZQmDCoIzipCvapJFizsSEIS2r+CvEQSYS1KbRkSnDnV14krZOK61Tc62q5fp7XUQQH4BAcAxecgjq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGClc/sgz+wvn4Ab ASjXw==</latexit><latexit sha1_base64="BNZyMQL/r02S/jl4JsmbOPVzdvU=">AAACHXicbVBLSwMxGMzWV62vVY9egkXwVHaloJdC0YsHDxXsA7p1yabZ NjTJrklWLMv+ES/+FS8eFPHgRfw3pu0etHUgMJmZj+SbIGZUacf5tgpLyyura8X10sbm1vaOvbvXUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXUz89j2RikbiRo9j0uNoIGhIMdJG8u1q6gUhfMhqnkq4n3qEsZqb3V556k7qtDFTsixP5VffLjsVZwq4SNyclEGOhm9/ev0IJ5wIjR lSqus6se6lSGqKGclKXqJIjPAIDUjXUIE4Ub10ul0Gj4zSh2EkzREaTtXfEyniSo15YJIc6aGa9ybif1430eFZL6UiTjQRePZQmDCoIzipCvapJFizsSEIS2r+CvEQSYS1KbRkSnDnV14krZOK61Tc62q5fp7XUQQH4BAcAxecgjq4BA3QBBg8gmfwCt6sJ+vFerc+ZtGClc/sgz+wvn4Ab ASjXw==</latexit>
A1
<latexit sha1_base64="8xlUYA8Tzv2qhMZdZwBfpdLpALE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APaodxJ0zY0kxmT TKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiKGvQSESqHaBmgkvWMNwI1o4VwzAQrBWM7zK/NWFK80g+mmnM/BCHkg84RWMlvxuiGVEU6c2s5/XKFbfqzkFWiZeTCuSo98pf3X5Ek5BJQwVq3fHc2PgpKsOpYLNSN9EsRjrGIetYKjFk2k/noWfkzCp 9MoiUfdKQufp7I8VQ62kY2MkspF72MvE/r5OYwbWfchknhkm6ODRIBDERyRogfa4YNWJqCVLFbVZCR6iQGttTyZbgLX95lTQvqp5b9R4uK7XbvI4inMApnIMHV1CDe6hDAyg8wTO8wpszcV6cd+djMVpw8p1j+APn8wedzJH7</latexit><latexit sha1_base64="8xlUYA8Tzv2qhMZdZwBfpdLpALE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APaodxJ0zY0kxmT TKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiKGvQSESqHaBmgkvWMNwI1o4VwzAQrBWM7zK/NWFK80g+mmnM/BCHkg84RWMlvxuiGVEU6c2s5/XKFbfqzkFWiZeTCuSo98pf3X5Ek5BJQwVq3fHc2PgpKsOpYLNSN9EsRjrGIetYKjFk2k/noWfkzCp 9MoiUfdKQufp7I8VQ62kY2MkspF72MvE/r5OYwbWfchknhkm6ODRIBDERyRogfa4YNWJqCVLFbVZCR6iQGttTyZbgLX95lTQvqp5b9R4uK7XbvI4inMApnIMHV1CDe6hDAyg8wTO8wpszcV6cd+djMVpw8p1j+APn8wedzJH7</latexit><latexit sha1_base64="8xlUYA8Tzv2qhMZdZwBfpdLpALE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APaodxJ0zY0kxmT TKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiKGvQSESqHaBmgkvWMNwI1o4VwzAQrBWM7zK/NWFK80g+mmnM/BCHkg84RWMlvxuiGVEU6c2s5/XKFbfqzkFWiZeTCuSo98pf3X5Ek5BJQwVq3fHc2PgpKsOpYLNSN9EsRjrGIetYKjFk2k/noWfkzCp 9MoiUfdKQufp7I8VQ62kY2MkspF72MvE/r5OYwbWfchknhkm6ODRIBDERyRogfa4YNWJqCVLFbVZCR6iQGttTyZbgLX95lTQvqp5b9R4uK7XbvI4inMApnIMHV1CDe6hDAyg8wTO8wpszcV6cd+djMVpw8p1j+APn8wedzJH7</latexit><latexit sha1_base64="8xlUYA8Tzv2qhMZdZwBfpdLpALE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cV7APaodxJ0zY0kxmT TKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEAuujet+O4W19Y3NreJ2aWd3b/+gfHjU1FGiKGvQSESqHaBmgkvWMNwI1o4VwzAQrBWM7zK/NWFK80g+mmnM/BCHkg84RWMlvxuiGVEU6c2s5/XKFbfqzkFWiZeTCuSo98pf3X5Ek5BJQwVq3fHc2PgpKsOpYLNSN9EsRjrGIetYKjFk2k/noWfkzCp 9MoiUfdKQufp7I8VQ62kY2MkspF72MvE/r5OYwbWfchknhkm6ODRIBDERyRogfa4YNWJqCVLFbVZCR6iQGttTyZbgLX95lTQvqp5b9R4uK7XbvI4inMApnIMHV1CDe6hDAyg8wTO8wpszcV6cd+djMVpw8p1j+APn8wedzJH7</latexit>
AL
<latexit sha1_base64="pwfplAYFDJy4M818ghtjLiEUIDo=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELaM2FhYRzAOSJcxOJsmQ2dl15 m4gLPkOGwtFbP0YO//G2WQLTTwwcDjnXu6ZE8RSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMb465NiJSjziJuR/SgRJ9wShaye+EFIeMyvR62r3vlspuxZ2BLBMvJ2XIUeuWvjq9iCUhV8gkNabtuTH6KdUomOTTYicxPKZsRAe8bamiITd+Ogs9JadW6 ZF+pO1TSGbq742UhsZMwsBOZiHNopeJ/3ntBPtXfipUnCBXbH6on0iCEckaID2hOUM5sYQyLWxWwoZUU4a2p6ItwVv88jJpnFc8t+I9XJSrN3kdBTiGEzgDDy6hCndQgzoweIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fxriSFg==</latexit><latexit sha1_base64="pwfplAYFDJy4M818ghtjLiEUIDo=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELaM2FhYRzAOSJcxOJsmQ2dl15 m4gLPkOGwtFbP0YO//G2WQLTTwwcDjnXu6ZE8RSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMb465NiJSjziJuR/SgRJ9wShaye+EFIeMyvR62r3vlspuxZ2BLBMvJ2XIUeuWvjq9iCUhV8gkNabtuTH6KdUomOTTYicxPKZsRAe8bamiITd+Ogs9JadW6 ZF+pO1TSGbq742UhsZMwsBOZiHNopeJ/3ntBPtXfipUnCBXbH6on0iCEckaID2hOUM5sYQyLWxWwoZUU4a2p6ItwVv88jJpnFc8t+I9XJSrN3kdBTiGEzgDDy6hCndQgzoweIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fxriSFg==</latexit><latexit sha1_base64="pwfplAYFDJy4M818ghtjLiEUIDo=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELaM2FhYRzAOSJcxOJsmQ2dl15 m4gLPkOGwtFbP0YO//G2WQLTTwwcDjnXu6ZE8RSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMb465NiJSjziJuR/SgRJ9wShaye+EFIeMyvR62r3vlspuxZ2BLBMvJ2XIUeuWvjq9iCUhV8gkNabtuTH6KdUomOTTYicxPKZsRAe8bamiITd+Ogs9JadW6 ZF+pO1TSGbq742UhsZMwsBOZiHNopeJ/3ntBPtXfipUnCBXbH6on0iCEckaID2hOUM5sYQyLWxWwoZUU4a2p6ItwVv88jJpnFc8t+I9XJSrN3kdBTiGEzgDDy6hCndQgzoweIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fxriSFg==</latexit><latexit sha1_base64="pwfplAYFDJy4M818ghtjLiEUIDo=">AAAB9HicbVC7SgNBFL3rM8ZX1NJmMAhWYVcELaM2FhYRzAOSJcxOJsmQ2dl15 m4gLPkOGwtFbP0YO//G2WQLTTwwcDjnXu6ZE8RSGHTdb2dldW19Y7OwVdze2d3bLx0cNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMb465NiJSjziJuR/SgRJ9wShaye+EFIeMyvR62r3vlspuxZ2BLBMvJ2XIUeuWvjq9iCUhV8gkNabtuTH6KdUomOTTYicxPKZsRAe8bamiITd+Ogs9JadW6 ZF+pO1TSGbq742UhsZMwsBOZiHNopeJ/3ntBPtXfipUnCBXbH6on0iCEckaID2hOUM5sYQyLWxWwoZUU4a2p6ItwVv88jJpnFc8t+I9XJSrN3kdBTiGEzgDDy6hCndQgzoweIJneIU3Z+y8OO/Ox3x0xcl3juAPnM8fxriSFg==</latexit>
A2
<latexit sha1_base64="0p2SFOM9p7q7tEXAklfc1HFr/aI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLqxmUF+4B2KJn 0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8l/mtCSrNI/lopjH6IR1KPuCMGiv53ZCaEaMivZn1qr1S2a24c5BV4uWkDDnqvdJXtx+xJERpmKBadzw3Nn5KleFM4KzYT TTGlI3pEDuWShqi9tN56Bk5t0qfDCJlnzRkrv7eSGmo9TQM7GQWUi97mfif10nM4NpPuYwTg5ItDg0SQUxEsgZInytkRkwtoUxxm5WwEVWUGdtT0ZbgLX95lTSrFc+teA+X5dptXkcBTuEMLsCDK6jBPdShAQye4Ble4c2ZOC/Ou/OxGF1z8p0T+APn8wefUJH8</latexit><latexit sha1_base64="0p2SFOM9p7q7tEXAklfc1HFr/aI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLqxmUF+4B2KJn 0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8l/mtCSrNI/lopjH6IR1KPuCMGiv53ZCaEaMivZn1qr1S2a24c5BV4uWkDDnqvdJXtx+xJERpmKBadzw3Nn5KleFM4KzYT TTGlI3pEDuWShqi9tN56Bk5t0qfDCJlnzRkrv7eSGmo9TQM7GQWUi97mfif10nM4NpPuYwTg5ItDg0SQUxEsgZInytkRkwtoUxxm5WwEVWUGdtT0ZbgLX95lTSrFc+teA+X5dptXkcBTuEMLsCDK6jBPdShAQye4Ble4c2ZOC/Ou/OxGF1z8p0T+APn8wefUJH8</latexit><latexit sha1_base64="0p2SFOM9p7q7tEXAklfc1HFr/aI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLqxmUF+4B2KJn 0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8l/mtCSrNI/lopjH6IR1KPuCMGiv53ZCaEaMivZn1qr1S2a24c5BV4uWkDDnqvdJXtx+xJERpmKBadzw3Nn5KleFM4KzYT TTGlI3pEDuWShqi9tN56Bk5t0qfDCJlnzRkrv7eSGmo9TQM7GQWUi97mfif10nM4NpPuYwTg5ItDg0SQUxEsgZInytkRkwtoUxxm5WwEVWUGdtT0ZbgLX95lTSrFc+teA+X5dptXkcBTuEMLsCDK6jBPdShAQye4Ble4c2ZOC/Ou/OxGF1z8p0T+APn8wefUJH8</latexit><latexit sha1_base64="0p2SFOM9p7q7tEXAklfc1HFr/aI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZki6LLqxmUF+4B2KJn 0tg3NZMYkUyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ihRDBssEpFqB1Sj4BIbhhuB7VghDQOBrWB8l/mtCSrNI/lopjH6IR1KPuCMGiv53ZCaEaMivZn1qr1S2a24c5BV4uWkDDnqvdJXtx+xJERpmKBadzw3Nn5KleFM4KzYT TTGlI3pEDuWShqi9tN56Bk5t0qfDCJlnzRkrv7eSGmo9TQM7GQWUi97mfif10nM4NpPuYwTg5ItDg0SQUxEsgZInytkRkwtoUxxm5WwEVWUGdtT0ZbgLX95lTSrFc+teA+X5dptXkcBTuEMLsCDK6jBPdShAQye4Ble4c2ZOC/Ou/OxGF1z8p0T+APn8wefUJH8</latexit>
{N1,K1}
<latexit sha1_base64="uMkKRbk/LqRayunP30dyBWz06Ek=">AAAB/nicbVDL SsNAFJ3UV62vqLhyM1gEF1IyIuiy6EYQpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HSZqGtBwYO59zLPXOChDOlHefbqiwtr6yuVddrG5tb2zv27l5HxakktE1 iHstegBXlTNC2ZprTXiIpjgJOu8H4uvC7j1QqFosHPUmoF+GhYCEjWBvJtw/czI2wHhHMs7vcR6e3PnJz3647DWcKuEhQSeqgRMu3v9xBTNKICk04VqqPnER7GZaaE U7zmpsqmmAyxkPaN1TgiCovm8bP4bFRBjCMpXlCw6n6eyPDkVKTKDCTRVQ17xXif14/1eGllzGRpJoKMjsUphzqGBZdwAGTlGg+MQQTyUxWSEZYYqJNYzVTApr/8iLp nDWQ00D35/XmVVlHFRyCI3ACELgATXADWqANCMjAM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwCiYJVA</latexit><latexit sha1_base64="uMkKRbk/LqRayunP30dyBWz06Ek=">AAAB/nicbVDL SsNAFJ3UV62vqLhyM1gEF1IyIuiy6EYQpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HSZqGtBwYO59zLPXOChDOlHefbqiwtr6yuVddrG5tb2zv27l5HxakktE1 iHstegBXlTNC2ZprTXiIpjgJOu8H4uvC7j1QqFosHPUmoF+GhYCEjWBvJtw/czI2wHhHMs7vcR6e3PnJz3647DWcKuEhQSeqgRMu3v9xBTNKICk04VqqPnER7GZaaE U7zmpsqmmAyxkPaN1TgiCovm8bP4bFRBjCMpXlCw6n6eyPDkVKTKDCTRVQ17xXif14/1eGllzGRpJoKMjsUphzqGBZdwAGTlGg+MQQTyUxWSEZYYqJNYzVTApr/8iLp nDWQ00D35/XmVVlHFRyCI3ACELgATXADWqANCMjAM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwCiYJVA</latexit><latexit sha1_base64="uMkKRbk/LqRayunP30dyBWz06Ek=">AAAB/nicbVDL SsNAFJ3UV62vqLhyM1gEF1IyIuiy6EYQpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HSZqGtBwYO59zLPXOChDOlHefbqiwtr6yuVddrG5tb2zv27l5HxakktE1 iHstegBXlTNC2ZprTXiIpjgJOu8H4uvC7j1QqFosHPUmoF+GhYCEjWBvJtw/czI2wHhHMs7vcR6e3PnJz3647DWcKuEhQSeqgRMu3v9xBTNKICk04VqqPnER7GZaaE U7zmpsqmmAyxkPaN1TgiCovm8bP4bFRBjCMpXlCw6n6eyPDkVKTKDCTRVQ17xXif14/1eGllzGRpJoKMjsUphzqGBZdwAGTlGg+MQQTyUxWSEZYYqJNYzVTApr/8iLp nDWQ00D35/XmVVlHFRyCI3ACELgATXADWqANCMjAM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwCiYJVA</latexit><latexit sha1_base64="uMkKRbk/LqRayunP30dyBWz06Ek=">AAAB/nicbVDL SsNAFJ3UV62vqLhyM1gEF1IyIuiy6EYQpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HSZqGtBwYO59zLPXOChDOlHefbqiwtr6yuVddrG5tb2zv27l5HxakktE1 iHstegBXlTNC2ZprTXiIpjgJOu8H4uvC7j1QqFosHPUmoF+GhYCEjWBvJtw/czI2wHhHMs7vcR6e3PnJz3647DWcKuEhQSeqgRMu3v9xBTNKICk04VqqPnER7GZaaE U7zmpsqmmAyxkPaN1TgiCovm8bP4bFRBjCMpXlCw6n6eyPDkVKTKDCTRVQ17xXif14/1eGllzGRpJoKMjsUphzqGBZdwAGTlGg+MQQTyUxWSEZYYqJNYzVTApr/8iLp nDWQ00D35/XmVVlHFRyCI3ACELgATXADWqANCMjAM3gFb9aT9WK9Wx+z0YpV7uyDP7A+fwCiYJVA</latexit>
{N2,K2}
<latexit sha1_base64="y6bia2Cy+uj9GDfM8MdSaVi5lOQ=">AAAB/nic bVDLSsNAFL3xWesrKq7cDBbBhZSkCLosuhEEqWAf0IQwmU7aoZMHMxOhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMnnEllWd/G0vLK6tp6ZaO6ubW9s2 vu7XdknApC2yTmsej5WFLOItpWTHHaSwTFoc9p1x9fF373kQrJ4uhBTRLqhngYsYARrLTkmYdO5oRYjQjm2V3uNc5uvYaTe2bNqltToEVil6QGJVqe+eUM YpKGNFKEYyn7tpUoN8NCMcJpXnVSSRNMxnhI+5pGOKTSzabxc3SilQEKYqFfpNBU/b2R4VDKSejrySKqnPcK8T+vn6rg0s1YlKSKRmR2KEg5UjEqukADJi hRfKIJJoLprIiMsMBE6caqugR7/suLpNOo21bdvj+vNa/KOipwBMdwCjZcQBNuoAVtIJDBM7zCm/FkvBjvxsdsdMkodw7gD4zPH6VwlUI=</latexit><latexit sha1_base64="y6bia2Cy+uj9GDfM8MdSaVi5lOQ=">AAAB/nic bVDLSsNAFL3xWesrKq7cDBbBhZSkCLosuhEEqWAf0IQwmU7aoZMHMxOhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMnnEllWd/G0vLK6tp6ZaO6ubW9s2 vu7XdknApC2yTmsej5WFLOItpWTHHaSwTFoc9p1x9fF373kQrJ4uhBTRLqhngYsYARrLTkmYdO5oRYjQjm2V3uNc5uvYaTe2bNqltToEVil6QGJVqe+eUM YpKGNFKEYyn7tpUoN8NCMcJpXnVSSRNMxnhI+5pGOKTSzabxc3SilQEKYqFfpNBU/b2R4VDKSejrySKqnPcK8T+vn6rg0s1YlKSKRmR2KEg5UjEqukADJi hRfKIJJoLprIiMsMBE6caqugR7/suLpNOo21bdvj+vNa/KOipwBMdwCjZcQBNuoAVtIJDBM7zCm/FkvBjvxsdsdMkodw7gD4zPH6VwlUI=</latexit><latexit sha1_base64="y6bia2Cy+uj9GDfM8MdSaVi5lOQ=">AAAB/nic bVDLSsNAFL3xWesrKq7cDBbBhZSkCLosuhEEqWAf0IQwmU7aoZMHMxOhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMnnEllWd/G0vLK6tp6ZaO6ubW9s2 vu7XdknApC2yTmsej5WFLOItpWTHHaSwTFoc9p1x9fF373kQrJ4uhBTRLqhngYsYARrLTkmYdO5oRYjQjm2V3uNc5uvYaTe2bNqltToEVil6QGJVqe+eUM YpKGNFKEYyn7tpUoN8NCMcJpXnVSSRNMxnhI+5pGOKTSzabxc3SilQEKYqFfpNBU/b2R4VDKSejrySKqnPcK8T+vn6rg0s1YlKSKRmR2KEg5UjEqukADJi hRfKIJJoLprIiMsMBE6caqugR7/suLpNOo21bdvj+vNa/KOipwBMdwCjZcQBNuoAVtIJDBM7zCm/FkvBjvxsdsdMkodw7gD4zPH6VwlUI=</latexit><latexit sha1_base64="y6bia2Cy+uj9GDfM8MdSaVi5lOQ=">AAAB/nic bVDLSsNAFL3xWesrKq7cDBbBhZSkCLosuhEEqWAf0IQwmU7aoZMHMxOhhIC/4saFIm79Dnf+jZM2C209MHA4517umeMnnEllWd/G0vLK6tp6ZaO6ubW9s2 vu7XdknApC2yTmsej5WFLOItpWTHHaSwTFoc9p1x9fF373kQrJ4uhBTRLqhngYsYARrLTkmYdO5oRYjQjm2V3uNc5uvYaTe2bNqltToEVil6QGJVqe+eUM YpKGNFKEYyn7tpUoN8NCMcJpXnVSSRNMxnhI+5pGOKTSzabxc3SilQEKYqFfpNBU/b2R4VDKSejrySKqnPcK8T+vn6rg0s1YlKSKRmR2KEg5UjEqukADJi hRfKIJJoLprIiMsMBE6caqugR7/suLpNOo21bdvj+vNa/KOipwBMdwCjZcQBNuoAVtIJDBM7zCm/FkvBjvxsdsdMkodw7gD4zPH6VwlUI=</latexit>
{NL,KL}
<latexit sha1_base64="opi8ewUWU3AUz7BYS14CqNa9wY4=">AAAB/nicbVDLSsNAF L2pr1pfUXHlJlgEF1ISEXRZdCNYpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HaZqGtBwYO59zLPXOChFGpbPvbKC0tr6yuldcrG5tb2zvm7l5bxqnApIVjFotugCRhlJOWoo qRbiIIigJGOsHoeuJ3HomQNOYPapwQL0IDTkOKkdKSbx64mRshNcSIZXe53zi99Rtu7ptVu2ZPYS0SpyBVKND0zS+3H+M0IlxhhqTsOXaivAwJRTEjecVNJUkQHqEB6WnKUUSkl03 j59axVvpWGAv9uLKm6u+NDEVSjqNAT06iynlvIv7n9VIVXnoZ5UmqCMezQ2HKLBVbky6sPhUEKzbWBGFBdVYLD5FAWOnGKroEZ/7Li6R9VnPsmnN/Xq1fFXWU4RCO4AQcuIA63EA TWoAhg2d4hTfjyXgx3o2P2WjJKHb24Q+Mzx/1EJV2</latexit><latexit sha1_base64="opi8ewUWU3AUz7BYS14CqNa9wY4=">AAAB/nicbVDLSsNAF L2pr1pfUXHlJlgEF1ISEXRZdCNYpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HaZqGtBwYO59zLPXOChFGpbPvbKC0tr6yuldcrG5tb2zvm7l5bxqnApIVjFotugCRhlJOWoo qRbiIIigJGOsHoeuJ3HomQNOYPapwQL0IDTkOKkdKSbx64mRshNcSIZXe53zi99Rtu7ptVu2ZPYS0SpyBVKND0zS+3H+M0IlxhhqTsOXaivAwJRTEjecVNJUkQHqEB6WnKUUSkl03 j59axVvpWGAv9uLKm6u+NDEVSjqNAT06iynlvIv7n9VIVXnoZ5UmqCMezQ2HKLBVbky6sPhUEKzbWBGFBdVYLD5FAWOnGKroEZ/7Li6R9VnPsmnN/Xq1fFXWU4RCO4AQcuIA63EA TWoAhg2d4hTfjyXgx3o2P2WjJKHb24Q+Mzx/1EJV2</latexit><latexit sha1_base64="opi8ewUWU3AUz7BYS14CqNa9wY4=">AAAB/nicbVDLSsNAF L2pr1pfUXHlJlgEF1ISEXRZdCNYpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HaZqGtBwYO59zLPXOChFGpbPvbKC0tr6yuldcrG5tb2zvm7l5bxqnApIVjFotugCRhlJOWoo qRbiIIigJGOsHoeuJ3HomQNOYPapwQL0IDTkOKkdKSbx64mRshNcSIZXe53zi99Rtu7ptVu2ZPYS0SpyBVKND0zS+3H+M0IlxhhqTsOXaivAwJRTEjecVNJUkQHqEB6WnKUUSkl03 j59axVvpWGAv9uLKm6u+NDEVSjqNAT06iynlvIv7n9VIVXnoZ5UmqCMezQ2HKLBVbky6sPhUEKzbWBGFBdVYLD5FAWOnGKroEZ/7Li6R9VnPsmnN/Xq1fFXWU4RCO4AQcuIA63EA TWoAhg2d4hTfjyXgx3o2P2WjJKHb24Q+Mzx/1EJV2</latexit><latexit sha1_base64="opi8ewUWU3AUz7BYS14CqNa9wY4=">AAAB/nicbVDLSsNAF L2pr1pfUXHlJlgEF1ISEXRZdCNYpIJ9QBPCZDpph04mYWYilBDwV9y4UMSt3+HOv3HaZqGtBwYO59zLPXOChFGpbPvbKC0tr6yuldcrG5tb2zvm7l5bxqnApIVjFotugCRhlJOWoo qRbiIIigJGOsHoeuJ3HomQNOYPapwQL0IDTkOKkdKSbx64mRshNcSIZXe53zi99Rtu7ptVu2ZPYS0SpyBVKND0zS+3H+M0IlxhhqTsOXaivAwJRTEjecVNJUkQHqEB6WnKUUSkl03 j59axVvpWGAv9uLKm6u+NDEVSjqNAT06iynlvIv7n9VIVXnoZ5UmqCMezQ2HKLBVbky6sPhUEKzbWBGFBdVYLD5FAWOnGKroEZ/7Li6R9VnPsmnN/Xq1fFXWU4RCO4AQcuIA63EA TWoAhg2d4hTfjyXgx3o2P2WjJKHb24Q+Mzx/1EJV2</latexit>
I1
<latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZ MMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V/G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56R M6v0ySBS9klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZ MMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V/G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56R M6v0ySBS9klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZ MMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V/G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56R M6v0ySBS9klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZ MMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V/G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56R M6v0ySBS9klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit>
I1 [ I2
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<latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI =">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz0 5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V /G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56RM6v0ySBS9 klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu 4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI =">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz0 5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V /G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56RM6v0ySBS9 klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu 4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI =">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz0 5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V /G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56RM6v0ySBS9 klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu 4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit><latexit sha1_base64="vBVDrjw8FBH8jIuJLxmBNsIikbI =">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG91VsA9oh3InTdvQTGZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz0 5QSy4Nq777RTW1jc2t4rbpZ3dvf2D8uFRU0eJoqxBIxGpdoCaCS5Zw3AjWDtWDMNAsFYwvs381oQpzSP5aKYx80McSj7gFI2V /G6IZkRRpPezntcrV9yqOwdZJV5OKpCj3it/dfsRTUImDRWodcdzY+OnqAyngs1K3USzGOkYh6xjqcSQaT+dh56RM6v0ySBS9 klD5urvjRRDradhYCezkHrZy8T/vE5iBtd+ymWcGCbp4tAgEcREJGuA9Lli1IipJUgVt1kJHaFCamxPJVuCt/zlVdK8qHpu1Xu 4rNRu8jqKcAKncA4eXEEN7qAODaDwBM/wCm/OxHlx3p2PxWjByXeO4Q+czx+qBJID</latexit>
IL
<latexit sha1_base64="Q+57i92A2193G+m8XJIbYR4Ea Vk=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl0o+Cign1AO5RMmrahmcyY3CmUod/hxoUibv0Yd/6NmXYW2nog cDjnXu7JCWIpDLrut7Oyura+sVnYKm7v7O7tlw4OGyZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0U3mN8dcGxGpR5zE3 A/pQIm+YBSt5HdCikNGZXo37d53S2W34s5AlomXkzLkqHVLX51exJKQK2SSGtP23Bj9lGoUTPJpsZMYHlM2ogPetlTRkBs /nYWeklOr9Eg/0vYpJDP190ZKQ2MmYWAns5Bm0cvE/7x2gv0rPxUqTpArNj/UTyTBiGQNkJ7QnKGcWEKZFjYrYUOqKUPb U9GW4C1+eZk0ziueW/EeLsrV67yOAhzDCZyBB5dQhVuoQR0YPMEzvMKbM3ZenHfnYz664uQ7R/AHzucP0vCSHg==</lat exit><latexit sha1_base64="Q+57i92A2193G+m8XJIbYR4Ea Vk=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl0o+Cign1AO5RMmrahmcyY3CmUod/hxoUibv0Yd/6NmXYW2nog cDjnXu7JCWIpDLrut7Oyura+sVnYKm7v7O7tlw4OGyZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0U3mN8dcGxGpR5zE3 A/pQIm+YBSt5HdCikNGZXo37d53S2W34s5AlomXkzLkqHVLX51exJKQK2SSGtP23Bj9lGoUTPJpsZMYHlM2ogPetlTRkBs /nYWeklOr9Eg/0vYpJDP190ZKQ2MmYWAns5Bm0cvE/7x2gv0rPxUqTpArNj/UTyTBiGQNkJ7QnKGcWEKZFjYrYUOqKUPb U9GW4C1+eZk0ziueW/EeLsrV67yOAhzDCZyBB5dQhVuoQR0YPMEzvMKbM3ZenHfnYz664uQ7R/AHzucP0vCSHg==</lat exit><latexit sha1_base64="Q+57i92A2193G+m8XJIbYR4Ea Vk=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl0o+Cign1AO5RMmrahmcyY3CmUod/hxoUibv0Yd/6NmXYW2nog cDjnXu7JCWIpDLrut7Oyura+sVnYKm7v7O7tlw4OGyZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0U3mN8dcGxGpR5zE3 A/pQIm+YBSt5HdCikNGZXo37d53S2W34s5AlomXkzLkqHVLX51exJKQK2SSGtP23Bj9lGoUTPJpsZMYHlM2ogPetlTRkBs /nYWeklOr9Eg/0vYpJDP190ZKQ2MmYWAns5Bm0cvE/7x2gv0rPxUqTpArNj/UTyTBiGQNkJ7QnKGcWEKZFjYrYUOqKUPb U9GW4C1+eZk0ziueW/EeLsrV67yOAhzDCZyBB5dQhVuoQR0YPMEzvMKbM3ZenHfnYz664uQ7R/AHzucP0vCSHg==</lat exit><latexit sha1_base64="Q+57i92A2193G+m8XJIbYR4Ea Vk=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRkRdFl0o+Cign1AO5RMmrahmcyY3CmUod/hxoUibv0Yd/6NmXYW2nog cDjnXu7JCWIpDLrut7Oyura+sVnYKm7v7O7tlw4OGyZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0U3mN8dcGxGpR5zE3 A/pQIm+YBSt5HdCikNGZXo37d53S2W34s5AlomXkzLkqHVLX51exJKQK2SSGtP23Bj9lGoUTPJpsZMYHlM2ogPetlTRkBs /nYWeklOr9Eg/0vYpJDP190ZKQ2MmYWAns5Bm0cvE/7x2gv0rPxUqTpArNj/UTyTBiGQNkJ7QnKGcWEKZFjYrYUOqKUPb U9GW4C1+eZk0ziueW/EeLsrV67yOAhzDCZyBB5dQhVuoQR0YPMEzvMKbM3ZenHfnYz664uQ7R/AHzucP0vCSHg==</lat exit>
u 2 FB2<latexit sha1_base64="jE d3pUNwhzLR3sDVcuwjED9skzY=">AAACAnicbVDLSsNAFJ3U V62vqCtxM1gEVyUpgi5LBXFZwT6giWFmOmmHTiZhZiKUUNz4 K25cKOLWr3Dn3zhps9DWAxcO59zLvffghDOlHefbKq2srq1v lDcrW9s7u3v2/kFHxakktE1iHsseRopyJmhbM81pL5EURZjT Lh5f5X73gUrFYnGnJwn1IzQULGQEaSMF9lHm4RCmU48J6EVI jzDOrqdB/b4Z2FWn5swAl4lbkCoo0ArsL28QkzSiQhOOlOq7 TqL9DEnNCKfTipcqmiAyRkPaN1SgiCo/m70whadGGcAwlqaE hjP190SGIqUmETad+ZVq0cvF/7x+qsNLP2MiSTUVZL4oTDnU MczzgAMmKdF8YggikplbIRkhiYg2qVVMCO7iy8ukU6+5Ts29 Pa82mkUcZXAMTsAZcMEFaIAb0AJtQMAjeAav4M16sl6sd+tj 3lqyiplD8AfW5w+Tr5bi</latexit><latexit sha1_base64="jE d3pUNwhzLR3sDVcuwjED9skzY=">AAACAnicbVDLSsNAFJ3U V62vqCtxM1gEVyUpgi5LBXFZwT6giWFmOmmHTiZhZiKUUNz4 K25cKOLWr3Dn3zhps9DWAxcO59zLvffghDOlHefbKq2srq1v lDcrW9s7u3v2/kFHxakktE1iHsseRopyJmhbM81pL5EURZjT Lh5f5X73gUrFYnGnJwn1IzQULGQEaSMF9lHm4RCmU48J6EVI jzDOrqdB/b4Z2FWn5swAl4lbkCoo0ArsL28QkzSiQhOOlOq7 TqL9DEnNCKfTipcqmiAyRkPaN1SgiCo/m70whadGGcAwlqaE hjP190SGIqUmETad+ZVq0cvF/7x+qsNLP2MiSTUVZL4oTDnU MczzgAMmKdF8YggikplbIRkhiYg2qVVMCO7iy8ukU6+5Ts29 Pa82mkUcZXAMTsAZcMEFaIAb0AJtQMAjeAav4M16sl6sd+tj 3lqyiplD8AfW5w+Tr5bi</latexit><latexit sha1_base64="jE d3pUNwhzLR3sDVcuwjED9skzY=">AAACAnicbVDLSsNAFJ3U V62vqCtxM1gEVyUpgi5LBXFZwT6giWFmOmmHTiZhZiKUUNz4 K25cKOLWr3Dn3zhps9DWAxcO59zLvffghDOlHefbKq2srq1v lDcrW9s7u3v2/kFHxakktE1iHsseRopyJmhbM81pL5EURZjT Lh5f5X73gUrFYnGnJwn1IzQULGQEaSMF9lHm4RCmU48J6EVI jzDOrqdB/b4Z2FWn5swAl4lbkCoo0ArsL28QkzSiQhOOlOq7 TqL9DEnNCKfTipcqmiAyRkPaN1SgiCo/m70whadGGcAwlqaE hjP190SGIqUmETad+ZVq0cvF/7x+qsNLP2MiSTUVZL4oTDnU MczzgAMmKdF8YggikplbIRkhiYg2qVVMCO7iy8ukU6+5Ts29 Pa82mkUcZXAMTsAZcMEFaIAb0AJtQMAjeAav4M16sl6sd+tj 3lqyiplD8AfW5w+Tr5bi</latexit><latexit sha1_base64="jE d3pUNwhzLR3sDVcuwjED9skzY=">AAACAnicbVDLSsNAFJ3U V62vqCtxM1gEVyUpgi5LBXFZwT6giWFmOmmHTiZhZiKUUNz4 K25cKOLWr3Dn3zhps9DWAxcO59zLvffghDOlHefbKq2srq1v lDcrW9s7u3v2/kFHxakktE1iHsseRopyJmhbM81pL5EURZjT Lh5f5X73gUrFYnGnJwn1IzQULGQEaSMF9lHm4RCmU48J6EVI jzDOrqdB/b4Z2FWn5swAl4lbkCoo0ArsL28QkzSiQhOOlOq7 TqL9DEnNCKfTipcqmiAyRkPaN1SgiCo/m70whadGGcAwlqaE hjP190SGIqUmETad+ZVq0cvF/7x+qsNLP2MiSTUVZL4oTDnU MczzgAMmKdF8YggikplbIRkhiYg2qVVMCO7iy8ukU6+5Ts29 Pa82mkUcZXAMTsAZcMEFaIAb0AJtQMAjeAav4M16sl6sd+tj 3lqyiplD8AfW5w+Tr5bi</latexit>
u1 2 FB12
<latexit sha1_base64="QV9B+dbpVXG57cumLxZALumXhSE =">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVckUQZelgrisYB/Q1DCZTtqhk0mYmQglZOnGX3HjQhG3foI7/8ZJm4W2HrhwOO de7r3HjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrnK/+0ClYpG409OYDkI8Ei xgBGsjefZx6voBTDIPuUxAN8R67PvpdebV79OmhzLPrjo1Zwa4TFBBqqBAy7O/3GFEkpAKTThWqo+cWA9SLDUjnGYVN1E0xmS CR7RvqMAhVYN09kgGT40yhEEkTQkNZ+rviRSHSk1D33Tml6pFLxf/8/qJDi4HKRNxoqkg80VBwqGOYJ4KHDJJieZTQzCRzNwK yRhLTLTJrmJCQIsvL5NOvYacGro9rzaaRRxlcAROwBlA4AI0wA1ogTYg4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB9lJmTY=< /latexit><latexit sha1_base64="QV9B+dbpVXG57cumLxZALumXhSE =">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVckUQZelgrisYB/Q1DCZTtqhk0mYmQglZOnGX3HjQhG3foI7/8ZJm4W2HrhwOO de7r3HjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrnK/+0ClYpG409OYDkI8Ei xgBGsjefZx6voBTDIPuUxAN8R67PvpdebV79OmhzLPrjo1Zwa4TFBBqqBAy7O/3GFEkpAKTThWqo+cWA9SLDUjnGYVN1E0xmS CR7RvqMAhVYN09kgGT40yhEEkTQkNZ+rviRSHSk1D33Tml6pFLxf/8/qJDi4HKRNxoqkg80VBwqGOYJ4KHDJJieZTQzCRzNwK yRhLTLTJrmJCQIsvL5NOvYacGro9rzaaRRxlcAROwBlA4AI0wA1ogTYg4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB9lJmTY=< /latexit><latexit sha1_base64="QV9B+dbpVXG57cumLxZALumXhSE =">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVckUQZelgrisYB/Q1DCZTtqhk0mYmQglZOnGX3HjQhG3foI7/8ZJm4W2HrhwOO de7r3HjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrnK/+0ClYpG409OYDkI8Ei xgBGsjefZx6voBTDIPuUxAN8R67PvpdebV79OmhzLPrjo1Zwa4TFBBqqBAy7O/3GFEkpAKTThWqo+cWA9SLDUjnGYVN1E0xmS CR7RvqMAhVYN09kgGT40yhEEkTQkNZ+rviRSHSk1D33Tml6pFLxf/8/qJDi4HKRNxoqkg80VBwqGOYJ4KHDJJieZTQzCRzNwK yRhLTLTJrmJCQIsvL5NOvYacGro9rzaaRRxlcAROwBlA4AI0wA1ogTYg4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB9lJmTY=< /latexit><latexit sha1_base64="QV9B+dbpVXG57cumLxZALumXhSE =">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVckUQZelgrisYB/Q1DCZTtqhk0mYmQglZOnGX3HjQhG3foI7/8ZJm4W2HrhwOO de7r3HjzlT2nG+rdLK6tr6RnmzsrW9s7tn7x90VJRIQtsk4pHs+VhRzgRta6Y57cWS4tDntOtPrnK/+0ClYpG409OYDkI8Ei xgBGsjefZx6voBTDIPuUxAN8R67PvpdebV79OmhzLPrjo1Zwa4TFBBqqBAy7O/3GFEkpAKTThWqo+cWA9SLDUjnGYVN1E0xmS CR7RvqMAhVYN09kgGT40yhEEkTQkNZ+rviRSHSk1D33Tml6pFLxf/8/qJDi4HKRNxoqkg80VBwqGOYJ4KHDJJieZTQzCRzNwK yRhLTLTJrmJCQIsvL5NOvYacGro9rzaaRRxlcAROwBlA4AI0wA1ogTYg4BE8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB9lJmTY=< /latexit>
u2 2 FB22
<latexit sha1_base64="nPNgyB/+KD/TBxEaMsEVC0835E4="> AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgi5LBXFZwT6gMw5JmmlDM5khyQhl6NKNv+LGhSJu/QR3/o2ZdhbaeiBwcs693HsPTjhT 2nG+rdLK6tr6RnmzsrW9s7tn7x90VJxKQtsk5rHsYaQoZ4K2NdOc9hJJUYQ57eLxVe53H6hULBZ3epJQP0JDwUJGkDZSYB9nHg5hOg3 qHhPQi5AeYZxdm/991gzq08CuOjVnBrhM3IJUQYFWYH95g5ikERWacKRU33US7WdIakY4nVa8VNEEkTEa0r6hAkVU+dnskCk8NcoAhr E0T2g4U393ZChSahJhU5lvqha9XPzP66c6vPQzJpJUU0Hmg8KUQx3DPBU4YJISzSeGICKZ2RWSEZKIaJNdxYTgLp68TDr1muvU3Nvzaq NZxFEGR+AEnAEXXIAGuAEt0AYEPIJn8ArerCfrxXq3PualJavoOQR/YH3+ANxomTg=</latexit><latexit sha1_base64="nPNgyB/+KD/TBxEaMsEVC0835E4="> AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgi5LBXFZwT6gMw5JmmlDM5khyQhl6NKNv+LGhSJu/QR3/o2ZdhbaeiBwcs693HsPTjhT 2nG+rdLK6tr6RnmzsrW9s7tn7x90VJxKQtsk5rHsYaQoZ4K2NdOc9hJJUYQ57eLxVe53H6hULBZ3epJQP0JDwUJGkDZSYB9nHg5hOg3 qHhPQi5AeYZxdm/991gzq08CuOjVnBrhM3IJUQYFWYH95g5ikERWacKRU33US7WdIakY4nVa8VNEEkTEa0r6hAkVU+dnskCk8NcoAhr E0T2g4U393ZChSahJhU5lvqha9XPzP66c6vPQzJpJUU0Hmg8KUQx3DPBU4YJISzSeGICKZ2RWSEZKIaJNdxYTgLp68TDr1muvU3Nvzaq NZxFEGR+AEnAEXXIAGuAEt0AYEPIJn8ArerCfrxXq3PualJavoOQR/YH3+ANxomTg=</latexit><latexit sha1_base64="nPNgyB/+KD/TBxEaMsEVC0835E4="> AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgi5LBXFZwT6gMw5JmmlDM5khyQhl6NKNv+LGhSJu/QR3/o2ZdhbaeiBwcs693HsPTjhT 2nG+rdLK6tr6RnmzsrW9s7tn7x90VJxKQtsk5rHsYaQoZ4K2NdOc9hJJUYQ57eLxVe53H6hULBZ3epJQP0JDwUJGkDZSYB9nHg5hOg3 qHhPQi5AeYZxdm/991gzq08CuOjVnBrhM3IJUQYFWYH95g5ikERWacKRU33US7WdIakY4nVa8VNEEkTEa0r6hAkVU+dnskCk8NcoAhr E0T2g4U393ZChSahJhU5lvqha9XPzP66c6vPQzJpJUU0Hmg8KUQx3DPBU4YJISzSeGICKZ2RWSEZKIaJNdxYTgLp68TDr1muvU3Nvzaq NZxFEGR+AEnAEXXIAGuAEt0AYEPIJn8ArerCfrxXq3PualJavoOQR/YH3+ANxomTg=</latexit><latexit sha1_base64="nPNgyB/+KD/TBxEaMsEVC0835E4="> AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpgi5LBXFZwT6gMw5JmmlDM5khyQhl6NKNv+LGhSJu/QR3/o2ZdhbaeiBwcs693HsPTjhT 2nG+rdLK6tr6RnmzsrW9s7tn7x90VJxKQtsk5rHsYaQoZ4K2NdOc9hJJUYQ57eLxVe53H6hULBZ3epJQP0JDwUJGkDZSYB9nHg5hOg3 qHhPQi5AeYZxdm/991gzq08CuOjVnBrhM3IJUQYFWYH95g5ikERWacKRU33US7WdIakY4nVa8VNEEkTEa0r6hAkVU+dnskCk8NcoAhr E0T2g4U393ZChSahJhU5lvqha9XPzP66c6vPQzJpJUU0Hmg8KUQx3DPBU4YJISzSeGICKZ2RWSEZKIaJNdxYTgLp68TDr1muvU3Nvzaq NZxFEGR+AEnAEXXIAGuAEt0AYEPIJn8ArerCfrxXq3PualJavoOQR/YH3+ANxomTg=</latexit>
uL 2 FBL2
<latexit sha1_base64="c1yggY94Dc7QdBynKSKd7YlSDw8=">A AACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoMtSQVx0UcE+oIlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6NkzYLbT1w4XDOvdx7jx8zK pVlfRulldW19Y3yZmVre2d3z9w/6MooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn1zlfu+BCEkjfqemMXFDNOI0oBgpLXnmcer4AUwyr+ VQDp0QqbHvp9eZV79Pm14r88yqVbNmgMvELkgVFGh75pczjHASEq4wQ1IObCtWboqEopiRrOIkksQIT9CIDDTlKCTSTWePZPBUK0MYREI XV3Cm/p5IUSjlNPR1Z36pXPRy8T9vkKjg0k0pjxNFOJ4vChIGVQTzVOCQCoIVm2qCsKD6VojHSCCsdHYVHYK9+PIy6dZrtlWzb8+rjWY RRxkcgRNwBmxwARrgBrRBB2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDLZ2ZbA==</latexit><latexit sha1_base64="c1yggY94Dc7QdBynKSKd7YlSDw8=">A AACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoMtSQVx0UcE+oIlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6NkzYLbT1w4XDOvdx7jx8zK pVlfRulldW19Y3yZmVre2d3z9w/6MooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn1zlfu+BCEkjfqemMXFDNOI0oBgpLXnmcer4AUwyr+ VQDp0QqbHvp9eZV79Pm14r88yqVbNmgMvELkgVFGh75pczjHASEq4wQ1IObCtWboqEopiRrOIkksQIT9CIDDTlKCTSTWePZPBUK0MYREI XV3Cm/p5IUSjlNPR1Z36pXPRy8T9vkKjg0k0pjxNFOJ4vChIGVQTzVOCQCoIVm2qCsKD6VojHSCCsdHYVHYK9+PIy6dZrtlWzb8+rjWY RRxkcgRNwBmxwARrgBrRBB2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDLZ2ZbA==</latexit><latexit sha1_base64="c1yggY94Dc7QdBynKSKd7YlSDw8=">A AACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoMtSQVx0UcE+oIlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6NkzYLbT1w4XDOvdx7jx8zK pVlfRulldW19Y3yZmVre2d3z9w/6MooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn1zlfu+BCEkjfqemMXFDNOI0oBgpLXnmcer4AUwyr+ VQDp0QqbHvp9eZV79Pm14r88yqVbNmgMvELkgVFGh75pczjHASEq4wQ1IObCtWboqEopiRrOIkksQIT9CIDDTlKCTSTWePZPBUK0MYREI XV3Cm/p5IUSjlNPR1Z36pXPRy8T9vkKjg0k0pjxNFOJ4vChIGVQTzVOCQCoIVm2qCsKD6VojHSCCsdHYVHYK9+PIy6dZrtlWzb8+rjWY RRxkcgRNwBmxwARrgBrRBB2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDLZ2ZbA==</latexit><latexit sha1_base64="c1yggY94Dc7QdBynKSKd7YlSDw8=">A AACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoMtSQVx0UcE+oIlhMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6NkzYLbT1w4XDOvdx7jx8zK pVlfRulldW19Y3yZmVre2d3z9w/6MooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn1zlfu+BCEkjfqemMXFDNOI0oBgpLXnmcer4AUwyr+ VQDp0QqbHvp9eZV79Pm14r88yqVbNmgMvELkgVFGh75pczjHASEq4wQ1IObCtWboqEopiRrOIkksQIT9CIDDTlKCTSTWePZPBUK0MYREI XV3Cm/p5IUSjlNPR1Z36pXPRy8T9vkKjg0k0pjxNFOJ4vChIGVQTzVOCQCoIVm2qCsKD6VojHSCCsdHYVHYK9+PIy6dZrtlWzb8+rjWY RRxkcgRNwBmxwARrgBrRBB2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDLZ2ZbA==</latexit>
x1 2 {0,A1}N
<latexit sha1_base64="JLpWU5Eri0K5/vfoLCbyGY33VD4=">AAACC3icbVBNS8NAEJ34WetX1aOXpUXwICURQY9VL56kgv2AJobNdtMu 3WzC7kYsoXcv/hUvHhTx6h/w5r9x0/agrQ8GHu/NMDMvSDhT2ra/rYXFpeWV1cJacX1jc2u7tLPbVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuMz91j2VisXiVg8T6kW4J1jICNZG8kvlzA1C9DDyHZcJ5Gb2kRth3SeYZ+e5OLq79ksVu2qPgeaJMyUVmKLul77cbkzSiApNOFaq49i J9jIsNSOcjopuqmiCyQD3aMdQgSOqvGz8ywgdGKWLwliaEhqN1d8TGY6UGkaB6cwPVbNeLv7ndVIdnnkZE0mqqSCTRWHKkY5RHgzqMkmJ5kNDMJHM3IpIH0tMtImvaEJwZl+eJ83jqmNXnZuTSu1iGkcB9qEMh+DAKdTgCurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w/hbppN</latex it><latexit sha1_base64="JLpWU5Eri0K5/vfoLCbyGY33VD4=">AAACC3icbVBNS8NAEJ34WetX1aOXpUXwICURQY9VL56kgv2AJobNdtMu 3WzC7kYsoXcv/hUvHhTx6h/w5r9x0/agrQ8GHu/NMDMvSDhT2ra/rYXFpeWV1cJacX1jc2u7tLPbVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuMz91j2VisXiVg8T6kW4J1jICNZG8kvlzA1C9DDyHZcJ5Gb2kRth3SeYZ+e5OLq79ksVu2qPgeaJMyUVmKLul77cbkzSiApNOFaq49i J9jIsNSOcjopuqmiCyQD3aMdQgSOqvGz8ywgdGKWLwliaEhqN1d8TGY6UGkaB6cwPVbNeLv7ndVIdnnkZE0mqqSCTRWHKkY5RHgzqMkmJ5kNDMJHM3IpIH0tMtImvaEJwZl+eJ83jqmNXnZuTSu1iGkcB9qEMh+DAKdTgCurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w/hbppN</latex it><latexit sha1_base64="JLpWU5Eri0K5/vfoLCbyGY33VD4=">AAACC3icbVBNS8NAEJ34WetX1aOXpUXwICURQY9VL56kgv2AJobNdtMu 3WzC7kYsoXcv/hUvHhTx6h/w5r9x0/agrQ8GHu/NMDMvSDhT2ra/rYXFpeWV1cJacX1jc2u7tLPbVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuMz91j2VisXiVg8T6kW4J1jICNZG8kvlzA1C9DDyHZcJ5Gb2kRth3SeYZ+e5OLq79ksVu2qPgeaJMyUVmKLul77cbkzSiApNOFaq49i J9jIsNSOcjopuqmiCyQD3aMdQgSOqvGz8ywgdGKWLwliaEhqN1d8TGY6UGkaB6cwPVbNeLv7ndVIdnnkZE0mqqSCTRWHKkY5RHgzqMkmJ5kNDMJHM3IpIH0tMtImvaEJwZl+eJ83jqmNXnZuTSu1iGkcB9qEMh+DAKdTgCurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w/hbppN</latex it><latexit sha1_base64="JLpWU5Eri0K5/vfoLCbyGY33VD4=">AAACC3icbVBNS8NAEJ34WetX1aOXpUXwICURQY9VL56kgv2AJobNdtMu 3WzC7kYsoXcv/hUvHhTx6h/w5r9x0/agrQ8GHu/NMDMvSDhT2ra/rYXFpeWV1cJacX1jc2u7tLPbVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuMz91j2VisXiVg8T6kW4J1jICNZG8kvlzA1C9DDyHZcJ5Gb2kRth3SeYZ+e5OLq79ksVu2qPgeaJMyUVmKLul77cbkzSiApNOFaq49i J9jIsNSOcjopuqmiCyQD3aMdQgSOqvGz8ywgdGKWLwliaEhqN1d8TGY6UGkaB6cwPVbNeLv7ndVIdnnkZE0mqqSCTRWHKkY5RHgzqMkmJ5kNDMJHM3IpIH0tMtImvaEJwZl+eJ83jqmNXnZuTSu1iGkcB9qEMh+DAKdTgCurQAAKP8Ayv8GY9WS/Wu/UxaV2wpjN78AfW5w/hbppN</latex it>
x2 2 {0,A2}N
<latexit sha1_base64="QGU5XYMfaLrdMk0BcFh5i+NGdFo=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpSBF1W3biSCvYBTQyT6aQ dOpmEmYlYQvZu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++DL3u/dESBrxWzWJiRuiIacBxUhpyTOrqeMH8CHzGg7l0EmtYydEaoQRS89zMbu79syaVbemgIvELkgNFGh55pcziHASEq4wQ1L2 bStWboqEopiRrOIkksQIj9GQ9DXlKCTSTae/ZPBQKwMYREIXV3Cq/p5IUSjlJPR1Z36onPdy8T+vn6jgzE0pjxNFOJ4tChIGVQTzYOCACoIVm2iCsKD6VohHSCCsdHwVHYI9//Ii6TTqtlW3b05qzYsijjI4AFVwBGxwCprgCrRAG2DwCJ7BK3gznowX4934mLWWjGJmH/yB8fkD5JOaT w==</latexit><latexit sha1_base64="QGU5XYMfaLrdMk0BcFh5i+NGdFo=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpSBF1W3biSCvYBTQyT6aQ dOpmEmYlYQvZu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++DL3u/dESBrxWzWJiRuiIacBxUhpyTOrqeMH8CHzGg7l0EmtYydEaoQRS89zMbu79syaVbemgIvELkgNFGh55pcziHASEq4wQ1L2 bStWboqEopiRrOIkksQIj9GQ9DXlKCTSTae/ZPBQKwMYREIXV3Cq/p5IUSjlJPR1Z36onPdy8T+vn6jgzE0pjxNFOJ4tChIGVQTzYOCACoIVm2iCsKD6VohHSCCsdHwVHYI9//Ii6TTqtlW3b05qzYsijjI4AFVwBGxwCprgCrRAG2DwCJ7BK3gznowX4934mLWWjGJmH/yB8fkD5JOaT w==</latexit><latexit sha1_base64="QGU5XYMfaLrdMk0BcFh5i+NGdFo=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpSBF1W3biSCvYBTQyT6aQ dOpmEmYlYQvZu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++DL3u/dESBrxWzWJiRuiIacBxUhpyTOrqeMH8CHzGg7l0EmtYydEaoQRS89zMbu79syaVbemgIvELkgNFGh55pcziHASEq4wQ1L2 bStWboqEopiRrOIkksQIj9GQ9DXlKCTSTae/ZPBQKwMYREIXV3Cq/p5IUSjlJPR1Z36onPdy8T+vn6jgzE0pjxNFOJ4tChIGVQTzYOCACoIVm2iCsKD6VohHSCCsdHwVHYI9//Ii6TTqtlW3b05qzYsijjI4AFVwBGxwCprgCrRAG2DwCJ7BK3gznowX4934mLWWjGJmH/yB8fkD5JOaT w==</latexit><latexit sha1_base64="QGU5XYMfaLrdMk0BcFh5i+NGdFo=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkpSBF1W3biSCvYBTQyT6aQ dOpmEmYlYQvZu/BU3LhRx6w+482+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++DL3u/dESBrxWzWJiRuiIacBxUhpyTOrqeMH8CHzGg7l0EmtYydEaoQRS89zMbu79syaVbemgIvELkgNFGh55pcziHASEq4wQ1L2 bStWboqEopiRrOIkksQIj9GQ9DXlKCTSTae/ZPBQKwMYREIXV3Cq/p5IUSjlJPR1Z36onPdy8T+vn6jgzE0pjxNFOJ4tChIGVQTzYOCACoIVm2iCsKD6VohHSCCsdHwVHYI9//Ii6TTqtlW3b05qzYsijjI4AFVwBGxwCprgCrRAG2DwCJ7BK3gznowX4934mLWWjGJmH/yB8fkD5JOaT w==</latexit>
xL 2 {0,AL}N
<latexit sha1_base64="nOX9aBX+6/vz3rmqVpS7qR43bVc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoigi6rblyIVLAPaGKYTCft0 MkkzEzEErJ346+4caGIW3/AnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537knQtKI36pxTNwQDTgNKEZKS55ZTR0/gA+Zd+VQDp3UOnRCpIYYsfQsF7O7a8+sWXVrAjhP7ILUQIGmZ345/QgnIeEKMyRlz7Zi5 aZIKIoZySpOIkmM8AgNSE9TjkIi3XTySwb3tdKHQSR0cQUn6u+JFIVSjkNfd+aHylkvF//zeokKTt2U8jhRhOPpoiBhUEUwDwb2qSBYsbEmCAuqb4V4iATCSsdX0SHYsy/Pk/ZR3bbq9s1xrXFexFEGe6AKDoANTkADXIImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ADZkmoM=</late xit><latexit sha1_base64="nOX9aBX+6/vz3rmqVpS7qR43bVc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoigi6rblyIVLAPaGKYTCft0 MkkzEzEErJ346+4caGIW3/AnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537knQtKI36pxTNwQDTgNKEZKS55ZTR0/gA+Zd+VQDp3UOnRCpIYYsfQsF7O7a8+sWXVrAjhP7ILUQIGmZ345/QgnIeEKMyRlz7Zi5 aZIKIoZySpOIkmM8AgNSE9TjkIi3XTySwb3tdKHQSR0cQUn6u+JFIVSjkNfd+aHylkvF//zeokKTt2U8jhRhOPpoiBhUEUwDwb2qSBYsbEmCAuqb4V4iATCSsdX0SHYsy/Pk/ZR3bbq9s1xrXFexFEGe6AKDoANTkADXIImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ADZkmoM=</late xit><latexit sha1_base64="nOX9aBX+6/vz3rmqVpS7qR43bVc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoigi6rblyIVLAPaGKYTCft0 MkkzEzEErJ346+4caGIW3/AnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537knQtKI36pxTNwQDTgNKEZKS55ZTR0/gA+Zd+VQDp3UOnRCpIYYsfQsF7O7a8+sWXVrAjhP7ILUQIGmZ345/QgnIeEKMyRlz7Zi5 aZIKIoZySpOIkmM8AgNSE9TjkIi3XTySwb3tdKHQSR0cQUn6u+JFIVSjkNfd+aHylkvF//zeokKTt2U8jhRhOPpoiBhUEUwDwb2qSBYsbEmCAuqb4V4iATCSsdX0SHYsy/Pk/ZR3bbq9s1xrXFexFEGe6AKDoANTkADXIImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ADZkmoM=</late xit><latexit sha1_base64="nOX9aBX+6/vz3rmqVpS7qR43bVc=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoigi6rblyIVLAPaGKYTCft0 MkkzEzEErJ346+4caGIW3/AnX/jpM1CWw9cOJxzL/fe48eMSmVZ30ZpYXFpeaW8Wllb39jcMrd32jJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537knQtKI36pxTNwQDTgNKEZKS55ZTR0/gA+Zd+VQDp3UOnRCpIYYsfQsF7O7a8+sWXVrAjhP7ILUQIGmZ345/QgnIeEKMyRlz7Zi5 aZIKIoZySpOIkmM8AgNSE9TjkIi3XTySwb3tdKHQSR0cQUn6u+JFIVSjkNfd+aHylkvF//zeokKTt2U8jhRhOPpoiBhUEUwDwb2qSBYsbEmCAuqb4V4iATCSsdX0SHYsy/Pk/ZR3bbq9s1xrXFexFEGe6AKDoANTkADXIImaAEMHsEzeAVvxpPxYrwbH9PWklHM7II/MD5/ADZkmoM=</late xit>
Ii \ Ij =  
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Fig. 1. Proposed successive encoder structure for orthogonal sparse superposition code construction.
A. Preliminary
Before presenting the code construction idea, we introduce
some notations and definitions.
Dictionary and sub-codeword: Let N ∈ Z+ be the block
length of a code. We let x` = [x`,1, x`,2, . . . , x`,N ]
> be the
`th sparse message vector with sparsity level ‖x`‖0 = K`
for ` ∈ [L]. We also define a unitary dictionary matrix U ∈
RN , i.e., U>U = I, shared for all sub-codewords. Then, the
`th sub-codeword is constructed by the multiplication of the
unitary dictionary matrix U and the sparse message vector x`,
i.e., c` = Ux` for ` ∈ [L].
Constellation: We define a set of signal levels for the
element in x`. Let J` be a non-zero alphabet size of x` for
` ∈ [L]. Then, the signal level set for the non-zero values
of the `th codeword vector is A` = {a`,1, a`,1, . . . , a`,J`}. A
is typically chosen from arbitrary pulse amplitude modulation
(PAM) signal sets. By the union of L signal level sets, we
define a multi-level modulation set as A = ∪L`=1A`.
B. Successive Orthogonal Encoding
As illustrated in Fig. 1, the key idea of the proposed
orthogonal sparse superposition coding is to successively
map information bits into L orthogonal sub-codeword vectors
c` = Ux` ∈ RN , where c>` cj = 0 for ` 6= j ∈ [L].
We first explain how to construct the first sub-codeword
c1 from a binary information string u1 ∈ FB12 with length
B1 =
⌊
log2
((|N1|
K1
))⌋
+ bK1 log2(J1)c. First, the encoder
maps
⌊
log2
((|N1|
K1
))⌋
bits by uniformly selecting K1 non-zero
indices in N1. Here, we define the support set of x1 by I1 =
{n | x1,n ∈ A1}. Then, the encoder maps bK1 log2(J1)c bits
by uniformly assigning the elements in A1 into the elements
of I1. Once the sparse message vector x1 is determined, the
first sub-codeword vector is obtained by c1 = Ux1.
Utilizing the support information of x1, i.e., I1, the en-
coder constructs c2 = Ux2 so that it is orthogonal to c1,
i.e., c>2 c1 = 0. To accomplish this, the encoder defines a
candidate index set of x2 by N2 = [N ]/I1. Then, the encoder
maps u2 ∈ FB22 information vector into x2 ∈ {0,A2}N
by uniformly choosing K2 indices in N2 and uniformly
allocating the elements in A2 into the support set of x2, i.e.,
I2 = {n | x2,n ∈ A2}. The second codeword c2 = Ux2,
therefore, carries B2 =
⌊
log2
((|N2|
K2
))⌋
+ bK2 log2(J2)c
information bits. This successive encoding method guarantees
the orthogonality between I1 and I2, i.e., I1 ∩ I2 6= φ.
Therefore, c>1 c2 = 0 under the unitary condition of U.
The encoder successively applies the same principle until
the Lth layer. Let NL = [N ]/ {I1 ∪ I2 ∪ · · · IL−1}. The
encoder maps uL ∈ FBL2 into xL by uniformly choosing
KL indices. Then, it uniformly assigns elements in AL in
the selected position of xL. Since the support set of xL,
i.e., IL, is mutually exclusive with the support sets of xj
for j ∈ {1, 2, . . . , L − 1}, i.e., IL ∩
{∪L−1j=1 Ij} = φ,
the orthogonality among sub-codewords is guaranteed, i.e.,
c>` cj = 0 for ` 6= j ∈ [L].
Finally, a codeword of the orthogonal superposition code is
a superposition of L sub-codeword vectors with power control
coefficients, namely,
c =
L∑
`=1
U
√
P`x` = Ux =
∑
j∈I
Ujxj , (1)
where x =
∑L
`=1
√
P`x` with ‖x‖0 =
∑L
`=1K` and I = {j |
xj 6= 0} = ∪L`=1I`.
C. Properties
To shed further light the significance of our code construc-
tion method, we provide some remarks.
Decodability: For noiseless case, an orthogonal sparse
superposition code is uniquely decodable if all non-zero signal
levels in A` and Aj are distinct for ` 6= j ∈ [L]. Suppose
U = I, i.e., c = x. This is true because a decoder distinguishes
the `th subcodewords x` from x =
∑L
`=1 x`, provided a`,i /∈
∪j 6=`Aj . Then, the decoder performs an inverse mapping from
x` to u` to obtain B` information bits.
Orthogonal property: Unlike the conventional sparse su-
perposition codes, the most prominent characteristic of the or-
thogonal sparse superposition codes is the orthogonal property,
implying that all support sets of x` are mutually exclusive, i.e.,
I` ∩ Ij = φ for all ` 6= j ∈ [L]. This property facilitates to
perform decoding in a computationally efficient manner, which
will be explained in the sequel.
Code rate: The `th sub-codeword conveys B` =⌊
log2
((|N`|
K`
))⌋
+ bK` log2(J`)c information bits using N
channel uses. Therefore, the rate of the orthogonal sparse
superposition code is
R =
∑L
`=1
⌊
log2
((|N`|
K`
))⌋
+ bK` log2(J`)c
N
. (2)
For a symmetric case in which |N`| = N−(`−1)K, K` = K,
and J` = 1 for ` ∈ [L], the code rate simplifies to
R =
∑L
`=1
⌊
log2
((
N−(`−1)K
K
))⌋
N
. (3)
For a fixed block length N , the proposed encoding scheme
can construct codes with very flexible rates by appropriately
choosing the code parameters including the number of layers
L, the number of non-zero values per layer K`, the index
set size per layer |N`|, and the non-zero alphabets in each
layer A`. These code parameters can be optimized to minimize
decoding errors.
The average transmit power: One intriguing property of
the orthogonal superposition codes is that its average transmit
power can be extremely low. Without loss of generality, we
set U = I, i.e., c = x and P` = 1 for ` ∈ [L]. Since the `th
sub-codeword has the sparsity level of K` and its non-zero
value is chosen from A`, the average power of x` is
E
[‖x`‖22] = K`
∑J`
i=1 a
2
`,i
J`
N
. (4)
Since the sub-codeword vectors are mutually orthogonal, the
average power of x becomes
Es = E
[‖x‖22] = 1N
L∑
`=1
K`
∑J`
i=1 a
2
`,i
J`
. (5)
Nominal coding gain: We define a codebook with a size of
2NR by C =
{
c1, c2, . . . , c2
NR
}
where cj is the jth codeword
of the orthogonal sparse superposition code. The minimum
Euclidean distance of the codebook is defined as
dmin(C) = min
i 6=j∈[2NR]
‖ci − cj‖2. (6)
Then, we define the nominal coding gain [14]:
γc(C) = d
2
min(C)
Eb
=
d2min(C)
Es/R
. (7)
This coding gain is useful to fairly compare different types
of coded modulation schemes when using the maximum
likelihood decoder in the high-SNR regime.
It is instructive to consider an example of the proposed
coding scheme.
Example 1: For ease of exposition, we restrict attention to
the symmetric case where [N,L] = [48, 2] and K1 = K2 = 2
and U = I. We also consider two PAM set A1 = {−1, 1}
and A2 = {−2, 2}. In this example, we construct an or-
thogonal sparse superposition code with rate R = 12 . Using
the idea of successive encoding, the encoder generates two
sub-codeword vectors. By choosing two non-zero positions in
N1 = {1, 2, . . . , 48} and allocating them to 1 or -1 uniformly,
we map B1 =
⌊
log2
((
48
2
))
22
⌋
= 12 information bits to x1.
Then, the encoder maps B2 =
⌊
log2
((
46
2
)
22
)⌋
= 12 bits to
x2 by selecting two non-zero indices from N2 = [N ]/I1
with |N2| = 46. It uniformly allocates 2 or -2 to the non-
zero elements in x2. Since each sub-codeword has ternary
alphabets, the orthogonal superposition code becomes c =
x1 + x2 ∈ {−2,−1, 0, 1, 2}48. This code has alphabet size of
five and the codeword is sparse, i.e., ‖c‖0 = 4. The normalized
average transmit power per channel use becomes
Es =
E
[‖x‖22]
N
=
4
48
+
2
48
=
1
8
. (8)
Since the minimum distance of this code is two, the normal-
ized minimum distance is given by
d2min
Es/R
=
2
1/4
= 8. (9)
Remark 1 (Generalization of index modulation): The
proposed coding scheme also generalizes the existing index
modulation methods [10]. Suppose a single-layer encoding
with one section, i.e., L = 1. This method is identical
to the index modulation. Therefore, our coding scheme can
be interpreted as an efficient multiplexing method of multi-
layered index (spatial) modulated signals in an orthogonal
manner [10]–[12]. Therefore, one can possibly use our codes
as a modulation technique conjunction with modern codes
(e,g., polar and low-density parity-check codes).
III. A LOW-COMPLEXITY DECODING ALGORITHM
This section presents a low complexity decoding algorithm,
referred to as an element-wise maximum a posterior decoding
with successive support set cancellation (E-MAP with SSC)
under the assumption of U = I.
The key idea of the proposed algorithm is to successively
decode sub-codeword vectors, i.e., x` in x to maximize a
posterior probability (APP) using the Bayesian approach [15].
Recall that the joint APP is factorized as
P (x|y) =
L∏
`=1
P (x`|y,x`−1, . . . ,x2,x1)
=
L∏
`=1
P (x`|y, I`−1, . . . , I2, I1) . (10)
where the equality follows from the fact that I`−1, . . . , I2, I1
are sufficient information to decode x`. To see this, recall the
orthogonality between the sub-codewords, i.e.,
P(x`,n ∈ A`|y,x`−1, . . . ,x2,x1) = 0, (11)
for n ∈ ∪`−1j=1Ij . In addition, for n /∈ ∪`−1j=1Ij , we have
xj,n = 0 for j < `. Therefore, the conditional probabilities
in (10) are dependent to sub-codewords only through their
support sets. From this decomposition, our decoding algo-
rithm is to successively estimate each sub-codeword vector
by exploiting the knowledge of previously identified support
sets. This motivates us to consider a decoding method with
successive support set cancellation.
The decoder performs L iterations. Each iteration decodes
a sub-codeword vector and subtracts the contribution of the
previously identified support sets to evolve the prior distribu-
tion for the next iteration. Suppose the decoder has correctly
identified the non-zero support sets Iˆ`−1, . . . , Iˆ2, Iˆ1 in the
previous ` − 1 iterations. Using this information, it performs
element-wise MAP decoding to identify the support set Iˆ`. Let
Nˆ` = [N ]/ ∪`−1j=1 Iˆj . Since all received signals yn for n ∈ Nˆ`
are conditionally independent, the joint APP is factorized as
P
(
x` | y, Iˆ`−1, . . . , Iˆ2, Iˆ1
)
=
∏
n∈Nˆ`
P (yn | x`,n)P (x`,n)
P (yn)
1{∑
n∈Nˆ` 1{x`,n∈A`}=K`
}.
(12)
To compute this, we need a likelihood function, which is given
by the mixture of Gaussian densities, i.e.,
P (yn | x`,n ∈ A`) = 1
J`
J∑`
j=1
1√
2piσ2
exp
(
−|yn − a`,j |
2
2σ2
)
.
(13)
The prior distribution of x` is also decomposed into
P (x`) =
1
Z
∏
n∈Nˆ`
P(x`,n)1{∑
n∈Nˆ` 1{x`,n∈A`}=K`
}, (14)
where Z ∈ R+ is a normalization constant to be a proper
probability distribution and 1C is an indicator function for a
set C. Recall that the non-zero supports of x` are uniformly
drawn from Nˆ` with |Nˆ`| = N −
∑`−1
j=1Kj . The probability
mass function of xj becomes
P(x`,n) =
x`,n = 0 w.p. 1−
K`
N−∑`−1j=1Kj ,
x`,n ∈ A` w.p. K`N−∑`−1j=1Kj .
(15)
Invoking the prior distribution of x`,n in (15), we obtain
P (yn) = P (yn | x`,n ∈ A`)P (x`,n ∈ A`)
+ P (yn | x`,n /∈ A`)P (x`,n /∈ A`)
=
1√
2piσ2
J∑`
j=1
e−
|yn−a`,j |2
2σ2
K`
N −∑`−1j=1Kj 1J`
+
1√
2piσ2
e−
|yn|2
2σ2
(
1− K`
N −∑`−1j=1Kj
)
. (16)
Utilizing (13), (15), and (16), the decoder computes the
probability of an event that n ∈ I` given yn as
P(n∈I`|yn) = P (yn | x`,n∈A`)P (x`,n∈A`)
P (yn)
. (17)
To satisfy the sparsity condition on x`, i.e.,∑
n∈Nˆ` 1{x`,n∈A`} = K`, the decoder estimates the
support sets of x` by selecting K` indices that provide the
largest element-wise MAP metric in (17). Let iˆ`,k ∈ Nˆ` be
the ordered index that has the kth largest element-wise MAP,
i.e., P
(
iˆ`,j ∈ I`|y`,j
)
≥ P
(
iˆ`,k ∈ I`|y`,k
)
for j < k. Then,
the estimated support set of x` is
Iˆ` =
{
iˆ`,1, iˆ`,2, . . . , iˆ`,K`
}
. (18)
Once the support set is identified, the decoder performs
MAP estimate for the signal levels on x`,n for n ∈ Iˆ`, which
is given by
xˆ`,n = arg max
a`,j∈A`
P
(
x`,n = a`,j |yn, xn ∈ Iˆ`
)
= arg min
a`,j∈A`
|yn − a`,j |2. (19)
The iteration ends when ` = L.
Remark 2 (Linear decoding complexity): The decod-
ing complexity of the proposed E-MAP with SSC linearly
increases with the block length N . In the `th iteration, the
decoder needs to compute N −∑`−1j=1Kj APPs as in (17). In
addition, JK`` computations are required for the signal level
detection. As a result, the total decoding complexity becomes∑L
`=1
(
N −∑`−1j=1Kj) JK`` . For example, when J` = 1, the
decoding complexity order is linear in both the block length
and the number of layers, i.e., O(LN).
Remark 3 (Optimality): In our journal version, we show
that the two-layered OSS code and E-MAP with SSC decoder
achieve the Shannon’s limit in the power limited regime, i.e.,
R→ 0 as N →∞.
IV. SIMULATION RESULTS
In this section, we provide numerical results to demonstrate
the effectiveness of the proposed encoding and decoding
methods.
We consider a two-layered orthogonal superposition code
with block length N = 33. Each layer consists of one section
and use non-zero alphabet as A1 = {1} and A2 = {−1}.
Since each layer conveys five information bits, the code rate
becomes r = 1033 . For decoding, we consider the E-MAP
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Fig. 2. BLER performance comparison of different codes under a very short
block length of 32.
decoding with SSC explained in the previous section. We
compare the proposed encoding and decoding method with the
conventional coding schemes, including a [32, 10]-polar code
and a [32, 16]-convolutional code. The maximum likelihood
(ML) decoding and the optimal soft-output Viterbi decoding
are used for polar and convolutional codes, respectively. Fig.
2 shows the BLER performance when increasing Eb/N0,
which is typically used to fairly compare the BLERs for
the codes with different rates. As can be seen, the proposed
encoding and decoding method outperforms the convolutional
code with optimal decoding. In addition, it achieves a similar
BLER performance with that of the polar code applying ML
decoding. Nevertheless, the proposed decoding complexity is
much lower than that of the ML decoding.
Why the proposed orthogonal superposition code and the
polar code achieve a similar performance? This can be ex-
plained by comparing the nominal coding gains of the two
codes. Recall that the square of the minimum distance of the
orthogonal superposition code is two, i.e., d2min = 2. The
energy per bit is Eb = 2/10. Therefore, the nominal coding
gain of the code is
γc(COSS) = d
2
min(C)
Es/R
=
2
2/10
= 10 (10 dB). (20)
In the chosen parameter, the polar code has the minimum
Hamming distance of 8, i.e., d2min = 4 × 8 = 32. Since it
uses the BSPK modulation, the nominal coding gain of the
polar code is
γc(CPolar) = d
2
min(C)
Es/R
=
32
1/(10/32)
(10 dB). (21)
Therefore, the proposed coding scheme achieves the same
nominal coding gain with the polar code in this short block
length.
Fig. 3 compares the BLER performances between the or-
thogonal superposition codes and polar codes under different
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N=128,256,512
Fig. 3. BLER performance comparison when the block length increases while
decreasing code rates.
code lengths and rates. We use the simple SC decoder for
decoding the polar codes in the simulations. As can be seen,
the proposed encoding and decoding techniques outperform
the polar codes using SC decoder in short block length
regimes. For example, our method provides approximately 0.3
dB gain over the polar code with the SC decoder at 10−4
BLER when the code rate is R = 18512 . We capitalize that the
decoding complexity of the proposed methods, O(N), is much
less than that of the SC decoder, i.e., O(N logN), while better
performing.
V. CONCLUSION
This paper has introduced a new class of sparse super-
position codes, called orthogonal sparse superposition codes.
To construct this type of code, we have presented a novel
encoding technique to generate codewords that are sparse
linear combinations of orthogonal columns of a dictionary
matrix. Harnessing the orthogonal structure, we also have
proposed a near-optimal decoder with a linear decoding com-
plexity in block lengths. In comparison with polar codes
using the SC decoder and convolutional codes using the ML
decoder, we have demonstrated that the proposed encoding
and decoding techniques are more effective than the existing
coded modulation techniques in a short block length regime.
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